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Announcement

Course webpage:
http://dcstl.cge.ntou.edu.tw/DCSTL/Web/rp.htm
Reading Assignment:

¢ Chapter 7 (Papoulis)

# Chapters 7 and 8 (Yates)
Homework No. 5 due today!

Central Limit Theorem
Review: X, X,, ... iid Gaussian rv’s
W,=X+ ... +X, is Gaussian with
E[W,]=nuy
Var[W,] = noy’

What if X}, )X,, ... are not Gaussian?
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Sum of Bernoulli RV’s
50 flips of a fair coin: X; = 1 is H on flip i.

W, is binomial

By, (w) ={

What does this look like?

CHLH* w=0.1,..,50

0 otherwise
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Central Limit Theorem

Standardized rv Z :
7 _VVH—E[W]_ lv:]Xi_n/uX
' Oy \nos

E[Z,]=0,

. VarlZ,] =1
Central Limit Theorem:
li;n F, (z) = ®(z)
Usual Proof: Show MGF of Zn converges to
Gaussian MGF

T
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Applying the CLT

For W,=X+ ... +X
— an (wnyzx )

Fy, (w)= P\noiZ, +nu, <w
For large n, CLT says I, (z) = O(z).
CLT Approximation:

Fy ()~ @ W
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CLT for Uniform RV’s
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CLT for Binomial RV’s
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CLT for Binomial RV’s
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Chap. 8: Sample Mean
idrv’s X, ..., X, each with PDF f,(x)
The sample mean of X is the RV
+..+
M) =
Remember M, (X) is a RV!

M, (X) is not the expected value E[X]

B2 R A
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Mean and Variance of M (X)

Theorem:

EIM (X)) =E[X]  Var[M,(x)] =41

n

lign Var[M (X)] = 0 suggests M, (X) 2 E[X]
How does a sequence of RV’s approach a
constant?

Digital Cammun

Rt @IS RIS

2 g 8

National Taiwan Ocean Universit)

Markov Inequality

For nonnegative rv X and ¢ > 0,
P[Xzc] < E[;X]
Proof: f{x) = 0 for x <0 and

ELX]= [ xfy (x)dx+[ 2 (x)dx

> J.:O xfy (x)dx 2 cJ.:O fy(x)dx =cP[X =c]

Rz g 4
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Markov Inequality Example
X = height (in feet) of a random adult.
E[X]=5.5 ft

Markov inequality says
PIX>11]1<5.5/11=1/2

Statement is true but is so weak it sounds wrong

2004/12/8
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Chebyshev Inequality
Let X = (Y — u,)” and apply the Markov
inequality:
SRV
f)[(Yf,Lly)2 > C2] < M
c

Var[ Y]

C2

Chebyshev Inequality:
Pl|Y—1) > c] <

W Az epssas
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Chernoff Bound

For rv X and constant c,
P[X>c] £ m>i}')1 e Ps)
Proof: ;
PRc] =" fr(xydx =] u(x—c) fi (x)dx
For all s > 0, u(x — ¢) < ¢*“, implying
P[X >c]< j‘” e’ £ (x)dx
—e [ e fr(x)dr=e"gy(s)

Upper bound must hold for minimizing s255. 5

Rt @IS RIS
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Heights: Chebyshev
For height X, E[X] =5.5and o, =1 ft

P[X >11]= P[X—11, > 11—11,] = P[|X—p1] >5.5]
Chebyshev:
P[X >11] = P[|X—1,] > 5.5]

< Var[X]/(5.5)* = 0.033 ~ 1/30

Rz g 4

Heights: Chernoff
If X is N[5.5, 1], ¢(s) = 115722
The Chernoff bound is

. _ 2 . 2
P[XZI 1] < 1'11151 e llse(11s+s )2 m;% e(s 11s)/2
s> 5>

Choose s to min A(s) = s*~11s = s = 5.5 and
PIX211]<e 192 o= 92=27 x107
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Inequalities
Markov: For nonnegative X and ¢ > 0,

E[X]
C

P[X>c] <
Chebyshev:
Pl|Y—1] > c] <
Chernoff:

Var(Y]

CZ

P[X>c] < mjgl e’ P As)

Chebyshev for M (X)
PIM,0) - < el =1 - 22X —y g
Prob. the sample mean is wilzlclin c of the expected
value less than JarlX].
nc’

¢ = size of confidence interval
a = Var[X]/nc* is the confidence coefficient
Small « : high confidence

igital Cam Fions and
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Chebyshev for M (X)
For any ¢ > 0,
SPIM,) ) 2 <~ =
o PIM0) - sl <121 -2 g
nc

. Fajf:aﬁ:X£4.$. P

Voter Survey

Out of 1103 voters, the percentage supporting
Jones is 58% 13 percentage points.

In this case, the data provides an estimate
M, (X)=0.58. What is the confidence coefficient
o of this statement?
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Voter Survey

Experiment: observe whether a random voter
supports Jones.

X =1 if she supports Jones, and X = 0 otherwise
X s a Bernoulli: E[X] = p, Var[X] = p(1-p)
For ¢ = 0.03, Theorem 8.5(b) says

<0031 24P
P[IM,(X) —p| < 0.03] 2 (003 a

Ry ki
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Voter Survey

confidence is o = £(1_—p)_
n(0.03y

For all p, Var[X] = p(1-p) £ 0.25,

0.25 277.778
a< =
n(0.03) n

2> n>1103
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Averaged Measurements
X; is ith independent measurement: X, = b+Z,
Z;is random, E[Z,] =0, 0,=1
Use M, (X) to get accurate estimate
What n guarantees with a probability of

l1-a =0.99, or higher, that the estimate is
within 0.1cm of the exact length of the board?

Rz g 4
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Averaged Measurements
E[X] = b, Var[X;] = Var[Z] = 1,

1 100
P[|M -b<0.1121- =] -—
[0 - bl <01] 2 1 -~ .

P[IM,(X)—b| <0.1]1>0.99 if 100/n < 0.01.
we need 7 > 10,000 measurements.

By knowledge of mean value and variance of the
prob. model of measurement errors, 10000 times
are required to have an accuracy measurement.

2004/12/8
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Averaged Measurements
Find n if Z, are iid Gaussian

MX)=b+1/n(Z+ ...+ Z)=btM[(Z) is
Gaussian with

EM(2)])=b  Var[M [(2)] = Var[Z]/n=1/n
Thus
P[IM,(X)-b|<0.1] =1— [®(0.1 Vn) — D(- 0.1 V)]
=2-2d(Vn/10).
For P[|M,(X)-b|<0.1] < 0.01, we need
2-20(Vn/10) < 0.01,

W Az epssas
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Averaged Measurements
That is, ®(Vn/10) = 0.995.
Table 4.1 indicates ®(x) > 0.995 2>x >2.58
Therefore, Vn/10 > 2.58, or n > 666.

With knowledge of entire prob. model, we learn
that only 666 measurements are necessary to
guarantee an accuracy condition.

Digital Cammun
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Weak Law of Large Numbers
For any ¢ > 0,

@ ~lim P[IM,() — 1] > c] = 0
@ —lim PlIM,(0) - ) < ] = 1

Rz g 4
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Relative Frequencies

n independent trials, event A indicator:

1 if 4 occurs on trial i
{ 0 otherwise

E[X;] = P[A], Var[X]] = P[A](1-P[4])
Relative frequency of 4 is

X1+ cee +)(ﬂ
}?n ::jvik(ékj = n

Weak law says lign P[|R,— P[A]|zc]=0

2004/12/8
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Chebyshev for M (X)

For any ¢ > 0,

Var(X]

$PUM,(0) — i 2 1 <

*PM,(X) — ] < c] = 1 - L1
7’102

Weak Law For any ¢ > 0,
& — lim P[IM,(X) - 1] > ¢] = 0
* —lim P[IM,(0) — ] <] = 1
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Convergence
Deterministic Sequence: a,.a,, ... =2 a if given
any 0 > 0, there exists n, such that for all n > n,,
la,—a| < 9.
Y, converges in probability to y if for any € > 0,
lim P[|Y, - | 2 €] = 0.

Ifa,=P[|Y,—y| = €], then Y, = y in probability
iff a, = 0 deterministically.

2 g 8

Sample Function Convergence
Outcome s maps to sample sequence y,(s), y,(s),
y5(8), ...

Probability a sample function of ¥, ¥, ...
converges to y is

PIC,] = Plis € S| limy, () = }]

Note: If lgll Vu(s) doesn’t exist, then s ¢ C,

gt C
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Convergence with Probability 1
Y,,Y,, ... converges to y with probability 1, if
and only if P[C,] = 1. For this type of process we
use the notation

’lll_r)lgo Y=y wp. 1

Theorem: Y, 2 y w.p. 1 iff for all £ > 0,
lgnPHYn _y| < 8]3 |Yn+1 _y| <g, ] =1

igitl C
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Testing Convergence w.p. 1

Definition: The prob. that eventually ¥, ¥, ., ...
are all close to y equals 1.

Theorem: Eventually, the prob. that Y, ¥, ., ...
are all close to y converges to 1.
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Example: w.p. 1
U,, U,, ... are iid uniform [0,1]
Show Y, =max{U,, ..., U,} 2 1 w.p.l
Proof:
Since ¥, =max{U,, Y, ,;} so Y,>Y, ,and
PlY,21-¢Y, ,21-¢,...]=P[Y, 2 1-¢]
=1-(1-¢)"

and lim P[Y, =2 1-¢,Y,,,21-¢,...] =1
n>o

Digital Cammunications an:
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Lottery Example: Conv in Prob
In a 50/50 lottery, each ticket costs $1.

1 of n tickets picked randomly, winner gets $n/2

Rz g 4
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Lottery Example: Conv in Prob
For 0 <g<n/2,
P\W,-0|<e]=P[W,=0]=m-1)/n
Hence W, - 0 in probability since

lim P[|W,~ 0 |< ] = lim - =1
n>wo n>o N

2004/12/8

10



B2 AR 4

National Taiwan Ocean Universit)

Lottery Example: w.p.1 ?
For0<e<1/2,

P[|Wn_0 |< g, |Wn+1_0 |< g, ]

=lim P[W, =0, W,., =0, ..., W;= 0]
jow

Implying
1i9mP[Wn =0,W,.,=0,..,W=0]
J=7® .
= ]1191}3 Py, (0)Py, , (0) ...P W/,(O)
n-1 n_j-2j-1 _pn-1

= lim - - -
e n o ontl j-1 ] Do ]

Thus W, does not converge to zero w.p.1 5¢:

#esr @
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Strong Law of Large Numbers

If X, X,, ... is an independent identically
distributed random sequence with sample mean

Mn(X)7
lim M,(X) = E[X] w.p. |

n>wo

Digital Cammun
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