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4 Midterm Exam (30%)

# Final Exam (50%)

¢ Quiz and Homework (20%)
Textbook:

& Digital Communications, 4th ed. John Proakis, McGraw Hill,
2000, (K #/377 % B S 32, 02-23114027, 02-23317856)
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Announcement

Course webpage:
http://www.gct.ntou.edu.tw/DCSTL/Web/dicomm.htm

Textbook webpage:

Reading Assignment:
¢ Chapter 1, 2, and 3
Homework No.1:2.3,2.4,2.9,2.12,2.20
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Basic elements of a digital communication system

i eton Source Channel Digital
source and
encoder encoder modulator
input transducer
Channel
Output Output Source Channel Digital
signal transducer decoder decoder demodulator
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Communication channels and their characteristics

Additive noise channel

channel
s(2) an

’T r(f)=as(t)+n(r)
n(1)

where « is the attenuation factor, s() is the transmitted
signal, and n(z) is the additive random noise process.
Additive Gaussian noise channel

(1) = as(t) + n(f)

@ If n(?) is a Gaussian noise process.
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Communication channels and their characteristics
The linear filter channel with additive noise
# to ensure the specified bandwidth limitations.

Li r PN o £)—
S0~ )=S0 % ()10
n(?)
channel

r(f) = s(f) %k c(f) + n(?)
=J c(r)s(t—7)dr +n(t)
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Communication channels and their characteristics

The linear time-variant filter channel with additive noise
# Time-variant multipath propagation.

Linear
0 time-variant ——(P——7(£)=s(t) * c(z; 1) +n(t)
filter c(z;7)

n(t)

channel

() = sgot) *c(zt) + n(f)
=| c(r;0)s(t—7)dr +n(t)

where ¢(7;7) is the response of the channel time ¢ due to
an impulse applied at time - 7.
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Channels

Physical channels: the atmosphere, wirelines, optical
fibers, computer hard disks, compact disks, . . .
Channel models: We need good models of the random
phenomena introduced by the physical channel!

Examples:

A discrete channel A linear additive noise channel

Linear @, I’( t)

(1) filter c(9) I

n(1)

channel
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modulator

channel encoder

§

source source encoder

discrete | A
channel | noise Yy channel

\
Information and Coding Theory Modulation and Detection Theory
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Some Lectures on ...

Information and Coding Theory

¢ Information sources and source coding
Introduction to Information theory: Entropy, information

measures, limits, ...
Source coding: Use fewer bits to efficiently represent

source data in digital form ...

# Channel capacity and coding
More on Information Theory: Channel capacity, limits,. . .

Channel coding: Use some clever redundant bits coding to
detect and correct transmission errors. . .
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Some Lectures on ...

Modulation and Detection
¢ Modulation: Transform digital data into analog signals
that can be transmitted or stored (the “real world” is
analog, not digital). . .

¢ Demodulation/Detection: The received signal contains
information about the transmitted data but is corrupted by

noise (etc.).
Estimate what data was sent, aiming at minimum possible

probability of making mistakes. . .
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Why digital communications?

Some sources are inherently digital (e.g. text). . .

Better “control” and more flexibility. . .

Bits can be detected and regenerated. Noise does not
propagate additively.

Easier to remove redundancy and reduce bandwidth. . .

Digital ICs are inexpensive to manufacture. A single
chip can be mass produced at low cost, no mater how
complex

Digital communications allows integration of voice,
video, and data on a single system (ISDN)
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Information Sources and Source Coding

Sources, information and entropy
Typical sequences and the source coding theorem
Mutual information and differential entropy
Lossless source coding

# Definitions. . .

# The source coding theorem. . .

¢ Huffman codes

¢ Lempel-Ziv codes
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Information Sources

Source ——X,

Source data: a speech signal, an image, a computer file,
afax, ...

Source data is usually time-varying and unpredictable.

Bandlimited continuous-time signals (e.g. speech) can
be sampled into discrete time and reproduced without
loss.

A source is a discrete-time stochastic process {X,}.

Digit
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Information Sources
If X, € X, Vn, the set Xis the source alphabet.

The source is

¢ stationary if {X,} is stationary.

¢ memoryless if X, and X are independent for n # m.

¢ii.d. if {X } isii.d. (independent and identically
distributed).

# continuous if Xis a continuous set (e.g. the real numbers).

@ discrete if Xis a discrete set (e.g. the integers {0,1,2,...,9}).

@ binary if X= {0, 1}.

[ n
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Entropy and Information

Consider a binary random variable X € {0, 1} and let

p=P(X=1).

Before we observe the value of X there is a certain

amount of uncertainty about its value. After getting

to know the value of X, we gain information.
Uncertainty <> Information

“Iinformation”

The average amount of

uncertainty lost = information gained, A
over a large number of observations, / / \
should behave like lo 1/2 1
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Entropy and Information
Define the entropy H(X) of the binary variable X as

1 1
H(X) = PI'(X = 1) IOgm+ PT(X = O) . logm

= —plog p —(1—p)log (1—p)=Hyp)
where H,(p) is the binary entropy function.
log = log,; unit = bits, log = log, = In; unit = nats
Hy(p) [bits]

1
0.8
6
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Entropy and Information

Entropy for a general discrete variable X with alphabet X
and pmf p(x) = P(X=x); Vxe X

A
H(X)==> p(x)log p(x) = —E[log p(X)]
xey
H(X) = the average amount of uncertainty removed
when observing the value of X = the average
information obtained when observing X
It holds that 0 < H(X) < log |X] (where |X] = “size of X”)

Entropy for an N-tuple X, = (X, ..., X})

HX) == p(x)log p(x")

N
X

igital

n
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Conditional Entropy
Conditional entropy of YeY given X =x

A
H(Y|X =x)=—> p(y|x)log p(y|x)
yeY

& H(Y |X = x) = the average information obtained when
observing ¥ when it is already known that X' =x

Conditional entropy of Y given X (on the average)
A
H(Y | X)=) p(x)H(Y | X =x)

xey

Chain rule: H(Y, X)= H(Y|X) + HX)
(c.f, p(y, x) = p(X)Pp(x))

igitl C
Rt @IS RIS
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Entropy
For a given (stationary) source {X,}
¢ H(X)) = entropy of a source sample
¢ H(X,, ..., X)) = entropy of a set of source samples

The entropy H of “the whole source” is called the
entropy rate of the source
A
H=lim %H(Xl,---,XN)

N—ow
For a memoryless (i.i.d.) source
H=H(X))=HX)y)

Ry ki
il National Taiwan Ocean University

Typical Sequences and Compression

A discrete memoryless source (DMS) {X,}, with X, e X
M = | X, entropy (rate) H = H(X,,), and with

P Xy, o Xy) = PUX; =x, X,=x,, .., Xy=x,)
Definition: A typical sequence of length N (a large

number) is a sequence x,~ = (x,, ..., x,) such that
N -N-H
plx) =2
(for a rigorous definition, “~” involves epsilons and deltas. . . )
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Typical Sequences

Example: Binary source {X,} with p = P(X,=1)=0.1.

®H=—plogp—(1—p)log (1—p)=0.47 [bits]

Sequences of length N =20, 2"~ 0.0015

0x1N=(1, 1,1,0,1,1,1,0,1,0,1,1,0,0,1, 1,1, 1,0, 0)
p(x™) =pB(1-p) ~ 510" = Not typical!

0x1N= (1,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0, 0)=
p(x,™) =p*(1-p)'® ~ 0.0015 -, Typical!

0x1N= (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0)=
p(x™) =(1-p)** ~ 0.012 & Not typical!

A (long) sequence of length N typically contains = N-p
ones and (1-p)-N zeros!

Rz g 4
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~ 2N H typical

Possible sequences and typical sequences
There are M" possible sequences of length N.
There are ~ 2" < M" typical sequences of length N.
For any random sequence X," produced by a DMS
P.(X;" is a typical sequence ) ~ 1
with equality as N—o0. That is, the probability that the
source produces a non-typical sequence goes to zero!

2004/9/27
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Typical Sequences and Compression

We need = N H bits to enumerate all different typical
sequences. That is, H bits per source symbol.

A source code: (1) Observe a sequence; (2a) If typical
produce and store/transmit its N H bit index; (2b) If
non-typical declare an error; (3) Reproduce the source
sequence from the stored/transmitted index.

# This code has rate R = H bits per source symbol. As
N — oo the code works without errors.
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Typical Sequences and Compression

The (lossless) Source Coding Theorem: For a source
with entropy rate A, a lossless source code of rate R
exists as long as R > H. For R < H no lossless source
code can be found.

H measures the information content in the source, in the
sense that H bits per symbol are required to describe its
output!
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Mutual Information

Consider a pair (X, Y) of discrete variables.
® H(X) = average information in observing X
® H(Y) = average information in observing Y
# H(X, Y) = average information in observing (X, Y)
® H(Y|X) = average info. in observing Y when X is known
® H(X]Y) = average info. in observing X when Y is known

Measure of the information about X obtained when
observing Y

I(X; Y) = H(X) — H(X]Y)
The mutual information between X and Y

igital

n
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N

HX) —— —— H(Y)

1(X;Y) = [(Y;X)

1(X;Y) = H(Y) — H(Y|X) = H(X) — H(X|Y)
1(X;Y) = H(X) + H(Y) - HXY)
I(X;X) = H(X)

H(X,Y) = H(X) + H(Y|X) = H(Y) + H(X]Y)

igitl C
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Continuous Random Variables
A continuous random variable, X, with pdf f{x).
Define the differential entropy A(X) of X as

hX)==[" f(x)log f(x)dx = ~Ellog f (X)]

# /1(X) is not an “entropy” in the sense of a measure of
uncertainty/information

# The amount of uncertainty removed/information gained
when observing X = x is always infinite for a continuous X.
Mutual information for continuous variables X and ¥
I(Y; X) = h(X) — h(X]Y) = h(Y) — h(Y]X) =1(X ;X)

Still valid as a measure of information!

Rt @ SAAS AR ISR
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Digital Communication System

s >
Souree source encoder channel encoder — modulator —l
:
:
discrete | .
channel | ncise Rm channel
s
| ‘—‘
— source decoder channel decoder Al demodulator
\. J
Information and Coding Theory Modulation and Detection Theory

Digit
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Source Coding

Represent source data efficiently in digital form for
transmission or storage
We concentrate on the source code and assume there are
no transmission errors; the channel is noiseless.
The source code is
@ lossless if X=X
compression, Human, Lempel-Ziv,. . .
elossyif X =X
rate-distortion, quantization, waveform coding,. . .

I 1

i channel i bits
—— | source encoder — ———— source decoder ———

I

|

<

(transmit/store)
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Lossless Source Coding

Definition: A d-ary (lossless) source code for a discrete
random variable X maps a realization x of X into a
finite-length string c(x) of symbols from a discrete
alphabet D of size |D| = d.

The expected length L of the source code is
L= px)(x)
xey
where /(x) is the length of the string ¢(x) in symbols.

The (average) rate R of the source code is
R=L-logd

2004/9/27
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Lossless Source Coding

Desired properties of a source code. A code is
4 non-singular if ¢(x,) # c(x,) whenever x, # x,.
¢ uniquely decodable if any encoded string has only one
possible source string producing it.
¢ instantaneous if ¢(x) can be decoded into x without

looking at future codewords <= no codeword is a prefix

of any other codeword
Non-singular, but not  Uniquely decodable, but

X Singular uniquely decodable not instantaneous Instantaneous
1 0 0 10 0

2 0 010 00 10

3 0 01 11 110

4 0 10 110 111

Rt @ SAAS AR ISR
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Instantaneous — The Prefix Condition

Rt @IS RIS
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Other classifications
# fixed-length to
ﬁxed—length nonsingular

# fixed-length to
variable-length

all codes

uniquely decodable

i

instantaneous

# variable-length to
fixed-length

# variable-length to
variable-length
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Shannon's Source Coding Theorem

A discrete source with entropy rate H [bits per source symbol],
and a lossless source code of rate R [bits per source symbol].

In 1948 Claude Shannon showed, based on typical sequences,
that a lossless (error-free) code exists as long as R > H. A lossless
code does not exist for any R < H.

Shannon's result is an “existence/non-existence result” (as are
many results in information theory). The theorem does not say
how to design practical coding schemes.

Now we first look at a more concrete coding theorem (for lossless

uniquely decodable codes) and then we study two code design
algorithms (Human and Lempel-Ziv).

2004/9/27
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Inequalities

The codeword lengths of a uniquely decodable d-ary code
for a discrete variable X must satisfy the Kraft inequality

a0 <

xey

Conversely, given a set of codeword lengths that satisfy
the Kraft inequality, it is possible to construct a uniquely
decodable code with these codeword lengths.

Any two sets {a, ... ay} and {b,, ... by} of N positive
numbers must satisty the log-sum inequality

N N ZN a
a, loga—" 2( anJlog”—:ln
"Z:; b ”Z:; ZnN=1 "

with equality iff a, /b, = constant.

Rt @ SAAS AR ISR
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Source Coding Theorem
The source coding theorem for uniquely decodable codes

# The rate R of a uniquely decodable code for a random
variable X satisfies R > H(X) [bits].

# A uniquely decodable code for a random variable X exists
that satisfies R < H(X) + log d [bits].

# A stationary discrete source {X,}: Code a block
XN =(X, ..., X)) of source symbols =

1 N 1 N logd
—HX;")SR<—H(X; )+
= (X" N X"

where R is the rate in bits per source symbol.

A uniquely decodable code exists such that R—+H as N--oo.

No such code with R < H can be found.

Digit
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Huffman Codes

A simple way of constructing a fixed-length to variable-
length instantaneous code.

Merge the two least probable nodes at each level

0 030 00

0.55

01 0.25

110 0.10

11 0.10
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Huffman Codes

+ Optimal in the sense that no other (fixed-length to
variable-length) code can provide a lower average rate!
+ Works well also for symbol-by-symbol encoding.

+ In principle it is straightforward to obtain better compression by
grouping blocks of source symbols together and letting these
define new “symbols.”

— The source statistics have to be known =in practice a coding in
two passes needed.

— Coding blocks significantly increases the complexity =>the
complexity of a code that achieves the entropy rate of the source
is generally very high.

2004/9/27
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The Lempel-Ziv Algorithm
A universal variable-length to fixed-length scheme.

¢ A given string of source symbols is parsed into phrases of varying
length.

#new phrase = one of minimum length that has not appeared before

¢ A “dictionary” is built.

#Indices of dictionary entries and “new bits” are transmitted/stored.
Does not work well for short strings (even expands the size of
the source string), but is asymptotically optimal in the sense that
the entropy rate of the source is achieved for very long strings!

Often used in practice (‘compress’, “.ZIP’, . ARJ’, ...)
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The Lempel-Ziv Algorithm

source string Dictionary

010000110000101 Index Contents | Codeword
000 empty

parse 001 0 000 0

0, 1, 00, 001, 10, 000, 101 010 1 000 1
011 00 001 O
100 001 011 1
101 10 010 0
110 000 011 0
111 101 101 1

Inefficient since the whole string must be visited to
determine number of bits spent on each index. Several
modifications exist.

2004/9/27

11




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


